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Abstract-This paper considers the flow’ rate of a laminar free convection inside a fully heated or a partly 
heated and partly cooled vertical tube placed in a large space. A theory based on a one-dimensional model 
which uses the Graetz solution for forced convection in a tube and which considers the pressure losses at 
the tube inlet and exit and in the hydrodynamic developing region is proposed for the range Gr Pr c 100. 
For the fully heated tube, the theory is compared with a two-dimensional numerical analysis and actual 
measurements using a quartz fiber anemometer. Their agreement is good when proper values of pressure 
loss coefficients are used in the theory. For the partly heated and partly cooled or partly adiabatic tube in 
thermally stratified and non-stratified ambients, the agreement between the theory and the experiment is 
also good. The effects of the tube-to-ambient temperature difference, the representative temperature of the 
stratified ambient, the tube length-to-diameter ratio and the temperature dependence of fluid properties 

upon the average mass velocity inside the tube are also clarified. 

INTRODUCTION 

IN 1866 Franz Grashof [l] presented a theory on draft 
generation through a chimney. In this theory a one- 
dimensional momentum equation containing the 
buoyancy term is solved by considering the variation 
of gas tem~rature, which is obtained by combining 
the energy equation and heat transfer through the 
duct wall. A numerical example of the theory for deter- 
mining the height of a chimney for a boiler furnace 
using measured and assumed values for flow resist- 
ance through the gas passage is shown. This seems to 
be the first comprehensive work on free convection 
inside a vertical duct. Recently, numerous theoretical 
and experimental studies [2-321 concerning free con- 
vection in a vertical duct or parallel plates using two- 
dimensional momentum and energy equations are 
available. However, their main concerns are restricted 
to heat transfer characteristics and only Currie and 
Newman [ 1 l] and Aung et al. [ 181 measured the vel- 
ocity distribution over the flow cross section although 
the prediction of the naturally convected mass flow 
rate is important to ventilation applications. Also, no 
study on the effect of ambient thermal stratification 
on free convection through a vertical tube has been 
carried out, except for the theoretical analysis by 
Lauber and Welch [9]. 

This paper aims to provide a simple and accurate 
method for predicting the free convection flow rate 
inside a vertical tube and to verify the method by 
comparing it with a two-dimensional numerical analy- 
sis and actual meas~ements. 

SIMPLIFIED ONE-DIMENSIONAL THEORY 

We consider the situation as follows : a vertical tube 
of inner diameter L) and length L is placed in a fluid 

of temperature Tm, the temperature of the inner sur- 
face of the tube is kept at T,, and a resulting buoyancy 
driven flow occurs inside the tube. The present prob- 
lem is to predict, with reasonable accuracy, the aver- 
age mass velocity inside the tube by using a simple 
one-dimensional model. 

To introduce the one-dimensional model, the fol- 
lowing assumptions are made. 

(1) The effect of buoyancy on the velocity profile 
within the tube cross section can be neglected ; and 
the profile is hydrodynamically developed from the 
tube inlet or the same as that of Poiseuille flow. 

(2) The effect of buoyancy on the temperature pro- 
file within the tube cross section can also be neglected ; 
and the temperature profile is given by the Graetz 
solution for forced convection heat transfer. 

(3) Temperature T, pressurep, velocity U and mass 
velocity G in the tube are values averaged over the 
cross-sectional area and density p and viscosity ~1 of 
the fluid are evaluated at T. 

By integrating the conservation equations of mass 
and momentum within the cross-sectional area and 
by introducing the above assumptions, the following 
equations are derived : 

G=pU=const. (1) 

$2’; ; = -s+(p,-p)g-F 0 32pG (2) 

where x is the distance measured from the tube inlet 
in the direction of flow and g is the gravitational 
acceleration. The term on the left-hand side (inertia 
term) and the third term on the right-hand side (fric- 
tion term) of equation (2) are derived by assumption 
(1). The first and the second terms on the right-hand 
side are derived by introducing 
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NOMENCLATURE 

B total buoyancy force, equation (9) 
d fiber diameter 
D inner diameter of tube 
F total wall frictional force, equation (8) 

9 gravitational acceleration 
G average mass velocity, equation (1) 
G exP measured average mass velocity 
Gr Grashof number, g(T, - To)&(Tmv2L) 

Gh theoretically predicted average mass 
velocity 

k thermal conductivity 

k, coefficient, equation (15) 

k, coefficient, equation (16) 
k 3, k, coefficients, equation (17) 

KI coefficient, equation (IO), Appendix 
I fiber length 
L tube length 
L* dimensionless tube length, I/Gr 
Lht L, heated, unheated tube lengths 
L,, L2, L3 lengths shown in Fig. 11 
Ah 

P 
P* 
Pr 
r 
r* 

rw 
Re 
T 

T, 
T, 
TCX 
T me 
U 

u 

W 

Nusselt number, (ar,)/k 
static pressure 
pressure defect, equation (3), p-pm 
Prandtl number 
radial coordinate 
dimensionless radial coordinate, 
Appendix, r/r, 
tube radius 
Reynolds number, GDJjt 
temperature, and cross-sectional-area- 
averaged fluid temperature 
temperature at tube center-line 
wall temperature 
ambient temperature 
representative ambient temperature 
local axial velocity in the tube 
average axial velocity in the tube 
volume flow rate, 
2zl;urdr = (Gnrz)/p 

W dimensionless volume flow rate, 
w/(nLv Gr) 

x axial coordinate measured from the tube 
inlet in the direction of flow 

X+ dimensionless axial coordinate, 
equations (10) and (I I), 
(2x/D){ l/Re Pr). 

Greek symbols 
u average heat transfer coefficient for the 

entire tube length, based on (T,.,-- r,J 

t 

deflection of quartz fiber 
pressure loss coefficient due to flow 
expansion at tube exit 

i.0 pressure loss coefhcient due to flow 
contraption at tube entrance 

@L dimensionless cross-sectional area 
average fluid temperature at the tube 

exit, VL - ~0)iV~ - TO) 
4l nth eigenvalue, equation (lo), Appendix 

p dynamic viscosity 
V kinematic viscosity 

5 pressure loss coefficient for entrance 
developing region 

P density 

Pfn parameter defined by equation (7). 

Subscripts 

“D 
at center-line of tube 
lower tube 

L at tube exit 
U upper tube 
W at tube wall 

a” 
at x 
at tube inlet 

00 ambient. 

P” = P-P'x 

where p is the static pressure inside the tube and pm 
the static pressure of the ambient fluid at the same 
elevation. 

We supplement the simplistic assumption (1) by 
considering the pressure losses due to velocity develop- 
ment in the entrance region and flow contraction 
at the tube inlet as shown in Fig. 1. The solid line 
represents the pressure in the developing region of an P rnn 

isothermal flow, and the dashed line represents the ’ P 

pressure corresponding to assumption (1). The 
0 I 

maximum difference between these two lines is expres- 
/ f$ tt+qy2 

j j 

sed by &I U 2/2, where the value of r varies with Reyn- FIG. I. Sketch of pressure distribution near the tube entrance. 
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olds number for low Reynolds number flows. The 
value given by Schmidt and Zeldin [33] is 1.4 for 
Re = 100 and that given by Chen 1341 is 1.8 for 
Re = 50. The inlet static pressure p. is lower than 
the static pressure of the ambient fluid in the same 
elevation by (1 +c0)p0Ug/2, where {0poUi/2 is caused 
by flow contraction near the tube inlet. The outlet 
static pressure pL is lower than the static pressure 
of the ambient fluid in the same elevation by 
(1 - IL)pL U$2, where CL is a factor to allow for in- 
complete recovery of pressure at the tube exit. Finally, 
the pressure defects at x = 0 and L are expressed as 

po* = -f(l+io+S)~Ji at x = 0 (4) 

PE = -t(l-[&UE at x = L (5) 

where the values of cc = 1 and &_ = 0.4 are given 
by Kays [35] in his experiment with isothermal flow 
conditions. Aihara and co-workers [20,32], Quintiere 
and Mueller [21] and Dyer [23] employed r0 = 0 and 
lt = 1 in their theoretical analyses for a uniform inlet 
velocity profile. 

Equation (2) is integrated from x = 0 to L subject 
to boundary conditions (4) and (5), and the following 
equation for mass velocity is derived by applying con- 
tinuity equation (1) 

where 
G’+p,FG-p,,,B = 0 (6) 

(71 

F=? L cc 
Dzo jdx so 

B=g L(~m-p)dX. 
s 0 

(9) 

The axial temperature distribution TX for the evalu- 
ation of pm, F and B is available in accordance with 
assumption (2), as 

x+ - 2X 
_p 

DRePr 

where the eigenvalues 2, and coefficients K_ are given 
in the Appendix. 

As the coefficients pm, F and B are weak functions 
of G, equation (6) can be expressed as 

G=~~,F{-L+(~I-~~~} (12a) 

or 

(12b) 

Numerical calculations for obtaining the G value are Figure 2 shows the variations of W with dimen- 
carried out as follows. The tube length is divided into sionless tube length L* = l/Gr as predicted by the 
equally spaced sections of sizes Ax = D/3 near the simplified model and the two-dimensional numerical 

0.06 

limit ’ 

FIG. 2. Comparison between the volume flow rates predicted 
by the simplified mode1 and the two~~ensional numerical 

analysis. 

entrance (x” 6 0.6) and Ax = 2/3D further down- 
stream (x’ > 0.6). Then, (i) we assume G and cal- 
culate TX by equations (10) and (11) at every node, 
(ii) obtain p and p corresponding to TX, (iii) substitute 
p and p into equations (8) and (9), and obtain F and 
B by Simpson’s rule for integration and pm using the 
assumed & co and CL values, and (iv) obtain G by 
substituting pm, F and B into equation (12a). Pro- 
cedure (i)-(iv) is repeated until G converges. 

For long tubes (L >> D) equation (12b) tends to 

G=;* (13) 

COMPARISON BETWEEN THE SIMPLIFIED 
ONE-DIMENSIONAL MODEL AND THE 

TWO-DIMENSIONAL NUMERICAL ANALYSIS 

The authors solved the usual two-dimensional 
boundary-layer-type mass, momentum and energy 
equations for free convection in a vertical tube by a 
finite difference method similar to that of Davis and 
Perona 1141. The pressure conditions at the inlet and 
exit were taken as p$ = 0 and pf = 0. The fluid prop- 
erties were assumed constant, except for the variation 
of density with temperature in the buoyancy term, and 
thus the volume flow rate w is constant throughout the 
tube length. This differs from the treatment of fluid 
properties in the simplifi~ model, where fluid prop- 
erties vary with temperature T and the average mass 
velocity G is constant throughout the tube length. 

For comparing the simplified model with the results 
of the numerical analysis, the predicted G of the model 
is converted to dimensionless fiow rate W by using 
values of p and p at exit fluid temperature Tfi Further, 
the values of pressure coefficients in the model were 
taken as co = - 1 and lL = 1 to conform with the 
tube-end conditions of the numerical analysis. 
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FIG. 3. Comparison between the average mass velocities 
predicted by the simplified model and the two-dimensjonal 

numerical analysis. 

analysis, The curves for 5 = 1.4 and 1.8 of the model 
are closer to that of the numerical analysis, while the 
curve for 5 = 0, which neglects the entrance devel- 
opment loss, is considerably higher than that of the 
numerical analysis. The results for 5 = 1.4 and 1.8 
also roughly demonstrate the dependence of < on Re 
for low Reynolds number flows, as in the present 
range where L* = 0.01, 0.1 and 1 correspond to 
Re = 50, 100 and 120, respectively. All W predictions 
approach the limiting value of 1.25 as tube length 
increases or as Gr decreases. Also plotted in the figure 
are values of the cross-sectional area average tem- 
perature eL and the ratio of the center-line velocity to 
twice the inlet velocity u,~/~zQ, at the tube exit. By 
comparing these curves with the W curves, it is recog- 
nized that the simplified model is also applicable to 
flows which remain hydrodynamically and thermally 
developing up to the tube exit. 

Figure 3 shows comparison between the simplified 
model and the two-dimensional numerical analysis in 
terms of average mass velocity. The W values of the 
numerical analysis are converted to G with fluid prop- 
erties based on fluid temperature To at the tube inlet 
and TL at the tube exit. The converted G values based 
on T, are closer to those of the simplified model which 
means that the average temperature of the fluid within 
the tube is close to Tu This illustrates the difficulty in 
applying the W results and the inapprop~ateness of 
the constant property assumption in the numerical 
analysis. Further, the difference between the G based 
on TL and the model increases with (Tw- T,) which 
means that the difference increases as the length of the 
thermal entrance region increases. 

Figure 4 shows the results for dimensionless heat 
transfer coefficient NU of the numerical analysis and 
the simplified model. For Gr Pr < 100, the results of 
the model coincide with those of the numerical analy- 
sis. At low Gr Pr the flow becomes fully developed 
and the slope of the curve predicted by both solutions 
approaches 1. For large values of Gr Pr the slope of 
the curve predicted by the numerical analysis 

- numerical 
-----simple mcdei 

FIG. 4. Nu vs Gr Pr relationship predicted by the simplified 
model and the two-dimensiona numerical analysis. 

approaches the l/4 power law of a single heated ver- 
tical plate. It is interesting to note that in the range 
7 < Gr Pr < 100, where the flow remains developing 
up to the tube exit, the simplified model still coincides 
with the numerical analysis. It should be mentioned 
that the NU values for l = 1.4 and 1.8 of the model 
are practically the same. 

EXPERIMENTAL APPARATUS 

AND PROCEDURE 

Apparatus 
The experimental apparatus A and B and the fiber 

velocity+leflection calibration setup are shown in 
Figs. 5(a)-(c), respectively. Apparatus A was utilized 
to examine the applicability of the simplified theory 
to a case of fully heated isothermal tube in a non- 
stratified ambient. In addition, the effects of the pres- 
sure loss coefficients {, <,, and iL and the dependence 
of fluid properties on temperature upon the average 
mass velocity are also demonstrated through appar- 
atus A. Apparatus B was utilized to examine the appli- 
cability of the theory to cases of partly heated and 
partly cooled or partly adiabatic tube in stratified and 
non-stratified ambients. 

The basic element of the apparatus was a copper 
tube of 10.5 mm i.d., or a polycarbonate tube of 11 .l 
mm id., with lengths of 375, 614 and 1120 mm for 
apparatus A and 1120 x 2 mm for apparatus B. The 
test tube was concentrically encased in a 50 mm diam- 
eter PVC tube, which was covered with 10 mm thick 
polyurethane insulation. The temperature of the test 
tube was maintained at different isothermal wall con- 
ditions by circulating water from a bath through the 
annular space between the copper and PVC tubes. 

The wall temperature of the test tube was measured 
by five 50 pm c-c (copper-constantan) thermocouples, 
the hot junctions of which were bonded to the surface 
of the wall at the middle of the tube length and at 
distances of 5 and 50 mm from the tube ends. The 
ambient temperature was monitored by five 50 pm c-c 
the~ocouples dist~buted along a vertical line that 
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FIG. 5. Experimental apparatus and calibration setup : (a) apparatus A-single heated tube ; (b) apparatus 

Dheated and cooled tube combination; (c) fiber deflection-velocity calibration setup. 

GUARD FIBER 

(a) (b) 
Fro. 6. Quartz fiber supports: (a) for apparatus A; (b) for 

apparatus B. 

was displaced laterally from the tube axis by about 50 
cm. The lowest hot junction was level with the lower 
end of the test tube and the uppermost one was level 
with the upper end of the test tube, while the others 
were equally spaced between them. 

The tube’s center-line temperature distribution for 
apparatus B was measured by a traversing 50 pm c-c 
thermocouple. The thermocouple was carried by a 
fine thread along the tube axis which was supported 
by two grooved rollers located outside the tube. 

Apparatus A was placed in a large room, while 
apparatus B was placed inside a vinyl-made enclosure 
4 m high with a floor area of 2 x 2 m. A steady tem- 
perature stratification was m~ntained inside the 
enclosure by a 600 W (max.) heater placed near to 
and facing one of its walls and by a 1 kW (max.) heater 
placed near to and facing its roof. The degree of strati- 
fication was controlled by the electric input to the 
heaters. The air movement in the core of the enclosure 
was found to be negligibly small. 

Velocity measurement method 
The velocity was measured by a quartz fiber anem- 

ometer. This method was applied by Schmidt and 
Beckmann [36], Tritton 1373 and Currie and Newman 
[l I] to determine the velocity distribution of natural 
convection flows. Unlike in past apphcations, the 
method is presently applied to measure directly the 
average mass velocity inside a tube. 

Figures 6(a) and (b) schematically show the manner 

FIG. 7. Relation between average mass velocity G and quartz 
fiber deflection S. 

of using the instrument in the present study. One end 
of the fused quartz fiber was bonded to the rigid 
support while the other end was exposed transversely 
to the flow stream and deflected by drag force. A tele- 
microscope with a calibrated eyepiece was used to 
measure the deflection. For apparatus A the fiber was 
situated 1 mm above the tube exit while for apparatus 
B it was encased in a T-glass tube. The fiber was 
calibrated by the setup shown in Fig. 5(c). The 
reduced end of the glass cylinder was connected to the 
lower end of the test tube, and water was introduced 
at a constant flow rate into the glass cylinder in order 
to push air through the test tube. The average mass 
velocity G inside the test tube was obtained from the 
volume flow rate of the water. 

Sample calibration results are shown in Fig. 7. The 
deviation of the measured points from the correlation 
curve is attributed to the ability of the calibration 
setup to produce constant velocity and presence of 
extraneous air currents and mechanical vibrations. 
The maximum deviation is smaller than 0.0035 kg 
m-* s-i 

The correlation curve depends on fluid temperature 
as p and p of the fluid depend on temperature. This 
inthtence was clarified by calibrating a fiber of d = 7.5 
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FIG. 8. Average mass velocity inside the isothermally heated vertical tube of apparatus A : (a) L = 375 
mm;(b)L=614mm;(c)L=1120mm. 

pm and I = 90 mm at 10 and 60°C. The results, which 
are marked respectively by symbols 0 and l for 
temperatures 10 and 60°C in the figure, indicate that 
the 60°C curve shifts to the right by about 35% at 
G = 0.3 kg mm2 s- ’ and by about 45% at G = 0.1 kg 
mm2 s-‘. Thus, for experimental apparatus A, the 
calibrations were made at two temperature levels (at 
a maximum heating temperature of the test tube and 
at room temperature) and the magnitudes of the tem- 
perature influence for other temperature levels were 
linearly interpolated from the two known calibration 
curves. The high temperature calibration was per- 
formed with the test tube section being isothermally 
heated. For experimental apparatus B, the calibration 
was made at room temperature only, because the fluid 
temperature within the T-glass section was always 
nearly equal to room temperature in the experiments. 
It should be mentioned that for the present experiment 
range (indicated in Fig. 2) the flow past the fiber 
is hydrodynamically and thermally developed. The 
uncertainty associated with the difference in velocity 
profile during calibration and application is negligible 
as long as the measurement is confined to this range. 

EXPERIMENTAL RESULTS AND 

COMPARISON WITH THE SIMPLIFIED 

THEORY 

Experiments for apparatus A 
Figures 8(a)-(c) show the average mass velocity 

results for apparatus A with L/D = 36, 58 and 107, 
respectively. The measured values correspond to 
experimental conditions in the range 1 < Gr < 10. In 
each figure the values predicted by the present theory 
using the following combinations of pressure loss 
coefficients (<, co, <J = (1.4, 0, l), (1.4, 0, 0) and 
(0, - 1, 1) are represented by dashed, solid and chain 
lines, respectively. Computations using Kays’ 5 values 
(c, lo, CL) = (1.4,1,0.4) were also made and the results 

are very close to the dashed lines, and therefore are 
not plotted in the figure. These results are also very 
near to those of computations using (1.4, 1, 0). The 
solid lines agree well with the measured values. It 
should be remembered that the value of 5 is fixed at 
1.4 prior to the selection of co and CL. Further, if 
the value l = 1.4 is used together with the tube-end 
conditions of the two-dimensional numerical analysis 
lo= -land[,=l(orp,*=Oandp~=O)theresults 
are almost equal to the solid lines in the figure. This 
means that if (pt-pf) is the same, practically the 
same value of G is obtained. The case (5, co, CL) = 
(0, - 1, 1) corresponds to the simple Graetz problem. 
The effects of 5 and 5 on G decrease as L/D increases. 
Finally, at the lowest measured point in Fig. 8(c), 
which corresponds to Gr = 1, all lines merge and we 
may adopt this point as the criteria for long tubes. 
Thus, for a long tube (Gr < 1) C = 0 and [ = 0 are 
appropriate. 

Figure 9 shows the relationship between G and 

FIG. 9. Average mass velocity inside the isothermally heated 
vertical tube (D = 10.5 mm, L = 375 mm) of apparatus A 

for different ambient temperature levels. 
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LJL 
FIG. 10. Average mass velocity inside the isothermally heated 
vertical tube of apparatus A when an unheated tube of the 

same diameter is connected to its lower end. 

(r, - T,) with T, as a parameter for L/D = 36, where 
different T, levels mean different air temperature 
levels inside the tube for the same value of (T, - T,). 
It is seen that the effect of the temperature dependence 
of physical properties of the fluid on the mass velocity 
is remarkable, and the trend and magnitude of the 
measured values agree with theory, though the tem- 
perature range of the measurements presented is 
narrow. 

Figure 10 shows the mass velocity for the case where 
an unheated tube of the same diameter as the test 
tube is attached to the lower end of the test tube of 
apparatus A. The ratio of the unheated to the heated 
length L,/L,, is taken as the abscissa. The good agree- 
ment between theory and experiment shows the appli- 
cability of the present theory to the situation on hand. 
Close observation, however, reveals that the measured 
values are slightly higher than the predicted ones. This 
discrepancy is attributed to the heat conducted from 
the heated test tube to the unheated tube. 

Experiments for apparatus B 
Table 1 shows the experimental conditions for 

apparatus B. 
Figures 11 (a) and (b) show examples of measured 

data on center-line fluid temperature (O), tube wall 
temperature (0) and ambient temperature (0). Fig- 
ure 1 I (a) corresponds to Case 3, where the upper tube 
is heated and the lower tube is cooled, while Fig. 11 (b) 
corresponds to Case 4, where the upper tube is cooled 

and the lower tube is heated. A corresponding sketch 
of the tube is shown in the right-hand margin of the 
figure. 

For large L/D, as in the case of apparatus B, the 
fluid temperature inside the tube is almost the same 
as the tube wall temperature except near the upper 
and lower ends of each tube. Therefore, the average 
fluid temperature T can be approximated by the mea- 
sured values of T, and T, as follows : 

O<x<L,; T=T,, 

L, < x < L,; T = Tm,42 04) 

L,<x< L,; T= T,, 

where L1 = 1.12 m, L2 = 1.26 m and L, = 2.38 m 
shown in the figure are scarcely affected by the exper- 
imental conditions. The ambient temperature ?Z’, in 
Fig. 11 (a) is linear and that in Fig. 11 (b) is approxi- 
mated by a bent line. 

As L/D is large, the effects of the inertia and pres- 
sure terms on the mass velocity are small, and it could 
be possible to predict G by using equations (13) and 
(14). For a linear ambient temperature expressed as 

T~L- T,, 
Y,=T,,+ L x= T,,+k,x (15) 

and values of density p and viscosity p of air approxi- 
mated by 

p = 3.483 x lo-‘; = y=$ [kgm-31 (16) 

/E = 4.39 x 1O-6+4.7Ox IO-“T 

= k,+kJ pas] (17) 

in the range 270 < T < 370 K, the terms for fluid 
resistance F and buoyancy B are expressed by sub- 
stituting equations (14~(17) into equations (8) and 

(9) as 

F= $&J~n+k.&)L, 

+(k,T,,,,z+k,T~,,,,)(L,-L,) 

+(k3T,,+k,T;,)(L,-t;,)) (18) 

and 

Table 1. Experimental conditions for apparatus B 
_..._- 

Case No. Upper tube Lower tube Ambient Tube material 

1 heated at T, nonstratified copper 
2 heated 0°C nonstratified copper 
3 heated 0°C stratified copper 
4 0°C heated stratified copper 
5 heated 0°C stratified polycarbonate 
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FIG. 11. Measured center-line, tube wall and ambient temperatures for apparatus B: (a) upper tube is 
heated while lower tube is cooled ; (b) upper tube is cooled while lower tube is heated. 
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FIG. 12. Comparison between the measured and the predicted 
average mass velocities for apparatus B. 

( b-L2 - ++7 >I . (19) 
wD W" 

In Fig. 12 the predicted values G,, obtained by equa- 
tions (13), (18) and (19) compare well with the mea- 
sured values Gexp For the non-linear ambient fluid 
temperature cases, equation (15) is sectionally applied 
to vertical distance segments. In the figure, positive G 
means upward flow, while negative G means down- 
ward flow. 

When (L,-L,) cc L is assumed, that is 
L, = L3-Lz = L/2, equations (18) and (19) are 
reduced to 

and 

In equation (2 l), a representative temperature Tme for 
the ambient temperature can be defined in the case of 
a linear stratification as 

1 
-= ln(T,rlT,o) _ 2 
T T~L - Tao 7 T,,+T,,’ 

(22) 
cc’e 

For the case where the ambient temperature dis- 
tribution is not linear, trial calculations reveal that 
T,, can be approximated by the value of T, averaged 
over the tube height. Therefore, the mass velocity can 
be predicted simply by 

G =&D2 
tll 16 

X . (23) 

k3(TwD+TwU)+k4(T~D+T~U) 

The values predicted by equation (23) also agree fairly 
well with the experimental values GeXP as shown by 
the symbols 0, n , A, + and V in Fig. 12. 

The condition that fluid flow does not take place 
due to a balance between positive and negative buoy- 
ancy forces is expressed as 

A=:(&+$$ (24) 
This relation is verified by plotting GeXP against 
[l/T,,--(l/T,,+l/T,,)/2] in Fig. 13. It should be 
remembered that (Tm& is not the arithmetic mean 
of T,, and Twu, but (TmJcri is related to T, in the 
following manner [T,, - (TmM > [(TcAri - Twd 

CONCLUDING REMARKS 

Free convection inside an isothermally heated or 
cooled vertical tube placed in a large space was exper- 
imentally and theoretically studied. 

(1) There is proposed a simplified one-dimensional l$mym”;$)-;($+&)}. (21) 
theory which is based on the Graetz solution for 
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APPENDIX: K, VALUES IN 
EQUATION (10) 

The values of K. in equation (10) are determined by the 
following equation : 

-4 ‘R,r*dr’ 
s 

K,= ’ 
*aR, 

” ( > aA, r.= I 

(Al) 

where & and R. are the nth eigenvalue and the nth eigen- 
function of the Graetz solution, respectively, and r* is the 
dimensionless radial coordinate of the tube. The first six 
values of K_ were evaluated by Simpson’s rule for integration 
employing 20 radial nodes and by using the values of A,, R, 
and (aR,/a&),.= , given by Brown [38]. The results are shown 
in Table Al. 

Table Al. Values of 1, given by Brown [38] and K. deter- 
mined by equation (Al) for equation (10) 

n 

1 2.70436 44199 0.58112 21007 
2 6.67903 14493 0.13376 65498 
3 10.67337 95381 0.06189 20492 
4 14.67107 84627 0.03659 59673 
5 18.66987 18645 0.02459 18544 
6 22.66914 33588 0.01779 87035 

CONVECTION NATURELLE LAMINAIRE DANS UN TUBE VERTICAL 

R&urn-n considere l’ecoulement de convection naturelle laminaire dans un tube vertical completement 
chauffe ou partiellement chauffe et partiellement refroidi, place dans un large espace. Une theorie basee 
sur un modble unidimensionnel qui utilise la solution de Graetz pour la convection for&e dans un tube et 
qui considtre les pertes de pression a l’entr&e et a la sortie et dans la region de dtveloppement, est proposee 
pour le domaine Gr Pr < 100. Pour le tube entierement chautfe, la theorie est cornpa& avec une analyse 
mnnerique bidimensionnelle et des mesures recentes faites avec un anemometre a fibre de quartz. Leur 
accord est bon quand des valeurs convenables de coefficient de perte de pression sont utilisQs dans la 
theorie. Pour le tube partiellement chauffe et partiellement refroidi ou partiellement adiabatique dans des 
ambiances thermiquement stratifiees et non strati&s, l’accord entre theorie et experiences est aussi 
satisfaisante. On clarifie les effets sur le debit-masse moyen dans le tube de la difference de temperature 
tube-ambiance, de la temperature representative de l’ambiance stratifiee, du rapport longueur/diamttre du 

tube et de la variation des propribtes du fluide vis-&is de la temperature. 
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LAMINARE NATURLICHE KONVEKTION IN EINEM VERTIKALEN ROHR 

Zus.ammenfaasung--Diese Arbeit behandelt die laminare natiirliche Konvektion in einem vijllig beheizten 
oder teilweise beheizten und teilweise gekiihlten vertikalen Rohr, das sich in einem groi.Sen Raum beflndet. 
Fib den Bereich Gr Pr < 100 wird eine Theorie vorgeschlagen, welche auf einem eindimensionalen Model1 
aufbaut, die Graetz-Losung fur erzwungene Konvektion in einem Rohr benutzt und die Druckverhtste am 
Rohreingang und -ausgang und in der hydrodynamischen Einlaufstrecke berilcksichtigt. Fur das viillig 
beheizte Rohr wird die Theorie mit einer zweidimensionalen numerischen Berechnung und mit Messungen 
mit einem Quarzfaseranemometer verglichen. Die Ubereinstimmung ist gut, wenn geeignete Druck- 
verlustbeiwerte in der Theorie verwendet werden. Fur das teilweise beheizte und teilweise gekiihlte oder 
teilweise adiabatische Rohr in therm&h geschichteter oder ungeschichteter Umgebung ist die Uber- 
einstimmung zwischen Theorie und Experiment ebenfalls gut. AuBerdem wird auf die Einfliisse der Tem- 
peraturdifferenz zwischen Rohr und Umgebung, der mittleren Temperatur der geschichteteten Umgebung, 
des Verhlltnisses Lange zu Durchmesser des Rohres und der Temperaturabhlngigkeit der Stoffwerte auf 

die mittlere Massenstromdichte im Rohr eingegangen. 

CKOPGCTb ~AM~HAP~OrO ~BOBOAHOKOHBEKT~BHGrO IIOTOKA B 
BE~~~bHO~ TPYBE 

WPaccMarpxsaercx cXopocrb nabnmapHor0 cn06onxoxoHaexrxaxoro nororta srryrpx non- 
HOCTblO HJIH YacrxXHo mi.rperok H HacrsrHHo oxnaxtxerrxol WZpTHKaHbHO# Typ6b& HaXonarxeitcs B Heor- 
paHHHeHHO8 cpene. TeopHx, ocHOBaHHaR Ha OJHiOMepSOx MOJJ~JIH, HCnOnb3ylometi pemeHHe rp3~~ &IISI 

BbmyXWeHHOii KOH~KHHH B Tpy6e H yWi3X.IBaHHHei-i nOTepH JHtaJleHHa KaX Ha BXOHe, TaX H Ha BHXOHe 
x3 rpy61.1, a rarcxe B 06Hacr~ r~~~~~q~~o~ era6xnx3axxa, npe&uoxexa JW Gr Pr < 160. &IS 
CJlyWW lIOJlBXTM0 EIiW&XYTO~ Tj@h TeopifH CpaaHaBaefca C pe3yJIbTaTaMli aeyMeprrOr0 ~~e~Or0 
MonexxpoaaHx5t x x3hfepeHHxMx, Hpoaexe~biMH c nohfombro arrebfohferpa c naapxeaol xxrbro. 
Nai%neHo xX XOpOHIee COOTBeTCTBxe IIpH HCIlOJlb30BWIHEl B TeOpEH COOTBeTCTByl0lQH.X EO3@$H~CHTOB 

no~ep~ naanerrxn. B cnyuae sacrxvxo rrarperofi H ~acrx~rro oxnaaUreHHoR ~JIH HacrHHHo axxa6arHHec- 
KOii Typ6bI, OKpyHCeHHOx HeCTpaTH@.WpOaalHiO~ CpenOx HJIH CepnOii C TenJlOBOx cTpaTH+itCattJieti, 
COOTBeTCrBHe MeZAy TeOpHefi H 3WWpHMeHTOM Toxe XOpOmee. BuaacHnercn HJmxHHe Ha cpenHH& Mac- 
COBMI pacxox erryrpx rpy6h1 pa3Hocrx TeMneparyp Merury rpy6ox x osrpyxarom~ cpexox, xapaXrep- 
xol TeMneparypw ~pa~~~~~xHo~ cpenar, orHomeHHir H,HHH~~ rpy6b1 X ee xxar.serpy x 


